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Introduction

ORCED drag compensation using continuous low-thrust

propulsionhas been considered for satellitesin low Earth orbit.
This simple, but nonoptimal, scheme merely requires that the thrust
vector is directed opposite to the drag vector and that the magni-
tude of the two are equal. In principle, the drag force acting on the
spacecraft could be determined onboard using accurate accelerom-
eters. However, for small, low-cost spacecraft such sensors may be
unavailable. An alternative strategy would be to fix the thrust mag-
nitude equal to the expected air drag that would be experienced by
the spacecraft. The thrust level would be periodicallyupdatedbased
on ground-based orbit determination. In this Engineering Note, it
is shown that such a forced circular orbit with a fixed thrust level
is exponentially unstable for all physically reasonable atmosphere
models.

Forced Drag Compensation

For a circular low Earth orbit, the dominant perturbing effects are
due to atmospheric drag and Earth oblateness.! Atmospheric drag
perturbationsresult in a secular decrease in orbital radius r due to
frictional energy loss. To fix the orbit radius, one possible scheme
is to compensate directly for air drag D by applying an opposite,
continuous low thrust 7. The equation of motion for a spacecraftof
mass m is then

P+ u(/r’) = (1/m)(T - D) M
which shows thatif T = D an ideal two-body orbit will be obtained,
where p is the gravitational parameter of the problem. When the
scalar product of Eq. (1) is taken with the spacecraftvelocity vector

v, it is found that

df1 1

— —v-v—ﬁ =—T-D)-v
dt| 2 r m

?)
where the term in brackets of the left side is just the total orbit
energy E. For a circular orbit, the total orbit energy is £ = —u/2r.
In addition, the local circular orbit speed |[v|| =+/(11/7) so that
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Eq. (2) may be used to obtain

dr _ 2r% |T - D|

3
d Ju m &
The general form of the air drag acting on the spacecraftis given by
ID| = $CpAp(ryv-v )

where A is the aerodynamic reference area, Cp, is the drag coeffi-
cient,and p is the air density at orbitradius r. Again when it is noted
that ||v|| = +/(u/r) and constant thrust || T|| is assumed, the circular
orbit radius evolves according to
dr 2|7 " JiCpA
m

dt — Jum

For a given operating orbit radius 7, the required thrust to provide
equilibriumis then given by

ITIl = (CpAp/2F)p(F)

p(ryrt (5)

(6)

With use of this fixed thrust, the stability of the resulting forced cir-
cular orbit will be investigatedby linearization. Note that the forced
circular orbit is in fact nonoptimal in terms of fuel consumption?

Linear Orbit Instability

To determine the stability of the equilibrium operating orbit, the
spacecraftorbitradius will be written as ¥ =7 + &. Then, expanding
Eq. (5) to first order, with the required thrust provided by Eq. (6),
yields

.
T A(F)E (7

where the constant coefficient A (7) is found to be
AG) = (VECoA[m)[p() [F2]11 = FLp' ®) o)1} (8)

and where p'(r) = dp/dr. The conditionrequired for stability is that
A(F) < 0, which in turn requires that
p' (A p(F) = 1/F )

If an exponential atmosphere is now assumed with scale height H
and base density po, so that
p(r) = poexpl—(r — R)/H] (10

where R is the radius of the Earth, the condition for stability then
becomes

—1/H > 1)F (1D

Because 7 > 0, this thenimpliesthat H < 0, which is clearly unphys-
ical. In the general case, if p'(r) ~ Ap/Ar, then Eq. (9) implies that
Ap/p > Ar [T (12)

so that if Ar > 0, stability requires Ap > 0, which again is clearly
unphysicalin any reasonableatmosphere. The phase space of Eq. (5)



656 J. GUIDANCE, VOL. 26, NO. 4: ENGINEERING NOTES

vi(r)
A
Phase flow
> I
r
A
> I
T

Fig. 1 Schematic potential and phase space.

Acceleration
A

1
)
\

\ -
\

\

Fixed thrust
AN I.’>0

\\ Drag

. \\
r<0 " Required thrust
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is shown schematicallyin Fig. 1. Note that such an unphysicalatmo-
sphere model has in fact been considered to illustrate some subtle
points in optimal control theory.?

Physically, this instability is due to the interaction between the
two accelerationsacting on the satellite. Figure 2 shows a schematic
diagram of the variation of drag and low-thrust acceleration with
altitude. For altitudes higher than the equilibrium altitude, the low-
thrust accelerationexceeds the drag accelerationso that the satellite
spirals outward. Conversely, for altitudeslower than the equilibrium
altitude, the drag acceleration exceeds the low-thrust acceleration,
and the satellite spirals inward. It can be seen that to stabilize the

equilibrium operating altitude, the low-thrust accelerationwould be
required to be shaped as a function of altitude, as shown in Fig. 2.

Nonlinear Orbit Instability

Althoughit has been demonstratedthat the forced circularorbit is
linearly unstable, which is both a necessary and sufficient condition
for nonlinear instability, it is interesting to investigate the nonlinear
stability properties of Eq. (5). For ease of analysis, Eq. (5) will
be considered with the exponential atmosphere model defined by
Eq. (10) to obtain

d E - 2T
d—; =ar? — ﬂﬁexp(é), o= —Jlﬁl
CpA R
g = ﬁ—l)exp(—> (13)
m H

This first-order dynamic system may now be written as a function
of some potential V (r) such that*
avV(r)

= (14)

where the potential is found to be

V()= —2ar? — BHIT[2,r/H]| (15)
with I" the incomplete gamma function. It can be seen that V (r) has
a turning point, V'(r) =0 at r =7, when

a/p = (1/F)exp(=7/H) (16)

which is equivalent to Eq. (6). Note that, for a given pair of pa-
rameters o and S, the equilibrium altitude can be determined as a
solution to Eq. (16). Although implicitin 7, Eq. (16) can be solved
using the Lambert W function (see Ref. 5), the solution of which is
implemented in symbolic mathematics packages as the ProductLog
function. This function is defined such that W (z) returns the prin-
cipal solution of z= We", with W(z) real if z = —1/e, and can be
viewed as an extension of the usual logarithm function. The func-
tion also satisfies the differentialequationdW/dz + W /z(1 + W).
When this function is used, it can be shown that Eq. (16) provides
the equilibrium altitude 7 as

F/H=W(B/aH) a7

To demonstrate that 7 is unstable in general, it must be shown that
7 corresponds to a single global maximum of the potential V (r).
Therefore, calculating V" (r) as

V'(r) = —2ayr + (8/247)(1 — 2r/H)exp(—r/H)  (18)

it can be seen that because 7 > H/2 then V" (7) <0 so that the
equilibriumorbitradius7 correspondsto a maximum in the potential
V(r) and indeed V" (r) < 0 forr > H /2. It is then sufficient to note
that V/(r) = 0 has no solutions for r > 0, other than that defined by
Eq. (16). Therefore, the equilibrium orbit radius 7 corresponds to a
single global maximum in the potential V (r) and so the equilibrium
altitude has nonlinear instability, as shown in Fig. 1.

Conclusions

It has been shown that a forced circular orbit, using a fixed low-
thrust acceleration to compensate for air drag, is exponentially un-
stable. The instability has been determined using both a linear and
nonlinear analysis. For the linear analysis, it was demonstrated that
the instability exists for all reasonable atmosphere models, whereas
the nonlinear analysis assumed an exponential atmosphere model.
Because the linear instability condition is both necessary and suf-
ficient, however, it is determined that the instability is independent
of the atmosphere model assumed. A stable forced orbit would re-
quire a montonically increasing air density with orbit radius, which
is clearly unphysical.
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Linearized Dynamic Equations for
Spacecraft Subject to J, Perturbations
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Introduction

HE dynamic equations of motion for a spacecraft relative to
a neighboring orbit have taken on added importance in the
last few years due to the possibility of spacecraft orbiting in for-
mation. For a number of mathematical and physical reasons, lin-
earized dynamic equations are of interest. The survey by Carter'
shows that there are a number of ways to linearize the equations

12sin?i sin®(nt) — 4
—4sin® i sin(2nt)
—4 sin(2i) sin(nt)

P(t) =n?Jg

of motion for a spacecraft. Of particular interest is the so-called
Hill’s equation® a somewhatunfortunatename because “Hill’s equa-
tion is a convenient abbreviation defining the class of homoge-
neous, linear, second-orderdifferentialequations with real, periodic
coefficients.’® For this and other reasons, the linearized orbital equa-
tions are more commonly known as the Clohessy—Wiltshire (C—W)
equations’ In any case, these equations are typically used for an
inverse-squaregravity field, although the inclusionof a perturbation
acceleration allows them to be used, in principle, for more general
cases. As shown by Alfriend et al.> and others, the effect of a J,
perturbation gradually destroys the configuration of the formation
of the orbiting spacecraft. Consequently, a number of propellant-
reductionformation-keepingstrategiesare proposedas summarized
by Vadalli et al.® To better understand the effects of J, and eccen-
tricity, Gim and Alfriend’ obtain state transition matrices by way
of various similarity transformations. From this brief review of the
literature, it is apparent that a set of linearized dynamic equations
that can handle the effects of J, would be usefulin furtheranalyzing
the dynamics of spacecraftin formation.
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—4sin’ i sin(2nt)
1 + sini(2 — 7 sin®(nt))
sin(2i) cos(nt)

In this Note, we presenta new set of linearizeddynamic equations
thataccountfor the J, perturbations. We limit the results for the case
of a circular reference orbit. In principle, these equations can be
generalized for elliptical reference orbits as described by Melton ®

Main Result

We present the main result here and derive it in the following sec-
tion. For clarity, we define areferenceframe O as one thatis centered
at a radial distance R, from the center of the Earth, whose origin
moves at a circular speed [= +/(it/ Ro)], while the frame rotates at a
circular angular velocity [=n = /(11/R3)] about its number 3 axis
such that the number 1 axis is along the outward R, direction. In
other words, this frame is equivalent to a Frenet frame associated
with a hypothetical spacecraft orbiting Earth in an inverse-square
gravityfield, thatis, with its J, componentremoved. Let, r be the po-
sition vector of a (real) spacecraftin this coordinate system. When r
and r are the firstand second time derivativesofr in O, the linearized
equations of motion with J, effects can be written as

r+Cr+[K+PMt)r+q(t)=a (1)

where a is the perturbing acceleration on the spacecraft (resulting,
for example, from the higher-order gravitational harmonics, thrust,
drag, etc.) and the other quantities are defined as follows: C and K
are 3 x 3 constant matrices,

0 -1 0 -3 0 0
C=2n|1 0 Of, K=n*0 0 0 ()
0 0 0 0 0 1

P(t) is a 3 x 3 symmetric matrix periodic function that can be
written as

—4sin(2i) sin(nt)
sin(2i) cos(nt) (3)
3 — sin® i24+5 sin2(nt))

where i is the inclination of the hypothetical spacecraft, is the time
computed from passage of the ascending node, that is, the clock
starts when the hypothetical spacecraft crosses the ascending node,
and J is a nondimensional number given by

3J,R?
JR - 2 e
2R

)
Last, g(¢) is the 3 x 1 vector periodic function

1 — 3sin’(nt) sin i
sin(2nt) sin® i (&)
sin(nt) sin(2i)

q(t) =n*JyR,

Remark 1:Ttis obviousthatfor J, =0, Eq. (1) is the familiar C-W
equation. For J, # 0, Eq. (1) belongs to the class of Hill’s equation
(see Ref. 3).

Remark 2: The equations are deceptivein the sense that it appears
that the J,-perturbedmotion of the spacecraftdoes not dependon €2,
the right ascension of the ascending node. This interpretationis not
true because the equations of motion of the spacecraftare written in
a frame that is deliberately chosen to be unaffected by J,. That is,
the orbital elements in Eq. (1) are that of the static reference orbit
and notequal to the dynamic (osculating)elements of the spacecraft
except possibly at the time of initialization.

Remark 3: The simplest case is zero inclination. In this situation,
q(t) is a constant with its last two elements being zero, whereas the
P matrix simplifies to a constant diagonal matrix. Note that these
equations are not singular for zero inclination.



